For the Stokes problem in a two-or three-dimensional bounded domain, we propose a new mixed finite element discretization which relies on a nonconforming approximation of the velocity and a more accurate approximation of the pressure. We prove that the velocity and pressure discrete spaces are compatible, in the sense that they satisfy an inf-sup condition of Babuška and Brezzi type, and we derive some error estimates.
Introduction
The Navier-Stokes equations modelizes the flow of a viscous incompressible fluid, and much work has been done concerning their finite element discretizations. However the numerical analysis of such methods relies on the study of the corresponding discretizations of the linear Stokes problem which is considered in this paper. Since its formulation in the primitive unknowns of velocity and pressure results into a saddle-point problem, the well-posedness of both this system and any Galerkin type discretization of it is derived from an inf-sup condition of Babuška [2] and Brezzi [5] type, which ensures the compatibility of the spaces of velocities and pressures. This condition is well-known for the continuous problem, see for instance [11, Chap. I, §2] , however proving it for the discrete problem is the key point for checking its stability.
In the finite element framework, the inf-sup condition has been proven for a large number of elements including the Crouzeix-Raviart element [8] , the mini-element and the Taylor-Hood element. We refer to [11, Chap. II] for an extensive review of these elements and the corresponding inf-sup conditions. The idea of the proof is similar in most cases: starting from fixed discrete spaces of velocities and pressures which have the desired approximation properties, some further functions are added to the space of velocities in order to ensure that there is no spurious mode for the pressure. An inf-sup condition linking the resulting space with the space of pressures is then established. Most often the constant which appears in the inf-sup condition is checked to be Keywords and phrases. Finite elements, Stokes problem, inf-sup condition, divergence-free basis functions.
independent of the discretization parameter. We also quote two arguments which are of great help for the proof of this inf-sup condition: the Boland and Nicolaides idea [4] consists in proving this condition separately on the spaces of restrictions of discrete velocities and pressures to local subdomains and on reduced spaces of velocities and pressures on the whole domain; Verfürth's idea [14] allows for deriving the inf-sup condition from a first one with wrong norms, thanks to local approximation properties. Both of them can be used, for instance, for the inf-sup condition related to the Taylor-Hood element.
We start from a rather different point of view. We fix the discrete space of velocities to be the same as for the Crouzeix-Raviart element and recall that the corresponding discretization is nonconforming, in the sense that this discrete space is not contained in the variational one. Next, we assume that, in opposite to discrete velocities, the discrete pressures are continuous and we intend to work with the largest possible space of such pressures. The term "largest possible" must be understood in the sense that all the degrees of freedom of the discrete velocities are needed to prove the inf-sup condition. As explained in [9] and [7] in the slightly different framework of finite volumes, replacing the space of piecewise constant pressures of the Crouzeix-Raviart element by this larger and smoother discrete space is essential when working with geophysical flows, where the Coriolis acceleration must be taken into account. The use of smooth pressures is then necessary to respect the geostrophic equilibrium. It is also necessary for optimizing the geometry of the fluid domain when the optimization criterion involves local gradients of the pressure.
This paper is mainly devoted to the proof of the inf-sup condition for this new element. In a first step, we introduce a semi-orthogonal decomposition of both the spaces of velocities and pressures and investigate the inf-sup condition for each discrete subspace of pressures. One of the proofs relies on Verfürth's argument. In a second step, we derive the final inf-sup condition by using a modal analogue of the Boland-Nicolaides proof. This condition is not optimal, in the sense that it involves a constant which is not independent of the discretization parameter, however we think that the result we obtain is the best possible one and we give heuristic reasons for that. We deduce some convergence results and error estimates for the discrete velocity. In a final step, we propose an algorithm for solving the discrete Stokes problem, relying on the space of discrete velocities which are divergence-free in the finite element sense, and we characterize this space in the two-dimensional case.
An outline of the paper is as follows:
• In Section 2, we recall the variational formulation of the Stokes problem and we present the discrete problem relying on the new finite element.
• In Section 3, we prove some key results on the discrete spaces and present their decomposition as a direct sum of two subspaces.
• Sections 4 and 5 are devoted to the proof of inf-sup conditions related to the two subspaces of pressures.
• In Section 6, we derive the global inf-sup condition for the Stokes problem from the results of the preceeding sections, and we deduce the corresponding error estimates.
• In Section 7, we exhibit spaces of quasi-divergence-free discrete velocities in the two-dimensional case and describe the resulting algorithm for solving the discrete Stokes problem.
The Stokes continuous and discrete problems
Let Ω be a connected and bounded open set in R d , d = 2 or 3, with a Lipschitz-continuous boundary. We consider the Stokes problem:
where the unknowns are the velocity u and the pressure p. The data are a density of body forces f and, only for simplicity, we take homogeneous boundary conditions on the velocity.
It is well-known that Problem (2.1) admits the following equivalent variational formulation:
where the space
and ·, · denotes the duality pairing between
Their continuity on these last spaces is obvious. 
As a consequence, for any data
and the duality pairing in the previous line can be replaced by an integral whenever v and q are smooth enough (for instance, when grad q belongs to L 2 (Ω) d ). In order to write the discrete problem, we now assume that Ω is a polygon or a polyhedron and we introduce a regular family (T h ) h of triangulations of Ω by (closed) triangles or tetrahedra, in the usual sense that:
• for each h, the intersection of two different elements of T h , if not empty, is a vertex, a whole edge or a whole face of both of them; • the ratio of the diameter h K of an element K in T h to the diameter of its inscribed circle or sphere is bounded by a constant σ independent of h. As standard, h denotes the maximal diameter of elements K in T h .
We now fix two finite-dimensional subspaces
, respectively, which are polynomial on each element K of T h . Our discrete problem relies on the variational formulation (2.2), it reads:
where f is now taken in L 2 (Ω) d while the forms a h (·, ·) and b h (·, ·) are defined by
Note that the difference between a(·, ·) and a h (·, ·) only comes from the replacement of the integral on Ω by a sum of integrals on the K in T h , while the modification of b(·, ·) involves a further integration by parts. We need some notation to describe the discrete space X h . Let E h stand for the set of all edges in dimension d = 2, faces in dimension d = 3, of the elements of T h . We denote by m e the midpoint, respectively the barycenter, of each e in E h . The space X h is then the space of functions v h in L 2 (Ω) d such that:
• their restriction to each K in T h belongs to P 1 (K) d , where P 1 (K) denotes the space of affine functions on K;
• they are continuous at each point m e , e ∈ E h ∩ Ω;
• they vanish at each point m e , e ∈ E h ∩ ∂Ω. As already hinted, the corresponding finite element is exactly the one introduced in [8, Ex. 4] .
However, the space M 0 h is rather different from that in [8] .
We make it precise later on and just indicate that it is a subspace with codimension 2 of the space 8) where P(K) stands for the space of dimension d + 2 spanned by the polynomials in P 1 (K) and the bubble function ψ K defined as the product of the barycentric coordinates on K.
Since the space X h is not contained in
, from now on, we work the mesh-dependent seminorm on X h :
We recall from [8, Lem. 2] that it is a norm on X h . Note also that
Let us introduce the discrete kernel
Moreover, as already recalled from [8, Lemma 2] , the form a h (·, ·) is positive definite on X h . So Problem (2.11) has a unique solution u h in V h . Thanks to this result, the well-posedness of Problem (2.6) relies on the inf-sup condition that is established later on.
Further remarks on the discrete pressure space
We begin by checking the uniform continuity of the form b h (·, ·) on the discrete spaces (here, "uniform" means that its norm is bounded independently of h). Throughout the paper, c, c , c stand for generic constants that may vary from a line to the next one but are always independent of h. Lemma 3.1. There exists a constant c independent of h such that the following continuity property holds
Proof. Integrating by parts in the definition (2.7) of b h (·, ·) yields (we denote by n the unit outward normal to K)
Bounding the first term is obvious:
As far as the second one is concerned, we consider an edge (d = 2) or face (d = 3) e in E h and we agree to denote by w e h the mean value of any polynomial w h on e. Indeed, if e is contained in ∂Ω, since v h · n is affine on e and vanishes in the midpoint of e, we have
If e is not contained in ∂Ω, the integral in e appears twice in the previous sum on the K in T h , so it can be replaced by
stands for the jump of a function through e with appropriate sign) and, since now [v h · n] is affine and vanishes in the midpoint of e,
So, we have proven that
Next, on each edge e in E h , we have
Now, assume that e is an edge or face of an element K of T h . If h K denotes the diameter of K, we use the affine mapping that sends K onto a reference elementK and e onto the edge or faceê ofK: with standard notation,
and using the equivalence of norms on the finite-dimensional space on the reference element yields
LetŶê stand for the spaceŶê
It is readily checked that the only functionŵ inŶê that satisfies |ŵ| H 1 (K) = 0 is zero. So, due to the compactness 
Going back to the triangle K yields
which, combined with (3.3) and a Cauchy-Schwarz inequality, leads to the desired result. The proof of the inf-sup condition for the Crouzeix-Raviart element, where the space of velocities is exactly the same space X h and the space of pressures is made of piecewise constant functions, see [8, §6] , relies on the following operator Π h : for any smooth enough vector field v vanishing on ∂Ω, Π h v belongs to X h and satisfies
It follows from the formula
that this operator is well-defined. In the following lemma, we state and briefly prove its main properties that are needed later on.
Lemma 3.2. The operator Π h is continuous on
Proof. Due to the standard trace theorem, the continuity of the operator Π h is clear. To go further, we fix a function v in H 1 0 (Ω) d and an element K of T h , and we use the affine mapping that sends K onto a reference elementK: with standard notation and obvious local definition of the operatorΠ,
We observe that the operatorΠ is equal to the identity on all affine functions onK, hence on all constants, and also that it is continuous on H 1 (K) d thanks to the trace theorem onK. So, ifĉ stands for its norm, we have
Applying the Bramble-Hilbert inequality [6, Th. 14.1] and going back to the element K gives
which yields (3.5). The proof of (3.6) is exactly the same, relying on the inequality
The next step consists in introducing a decomposition of both spaces X h and M h into two subspaces. With each edge or face e of E h , we associate one of the unit normal vectors to e, which we denote by n e . This allows us to cut the space X h into two parts
It is readily checked that X h is the direct sum of X 
We denote by M 
Lemma 3.3. The following orthogonality property holds
Proof. It suffices to check that, for all
So, let K be any triangle in T h . Since the support of ψ K is K, it follows from the definition of b h (·, ·) and by integration by parts that, for all
Next, we observe that div v h is constant on each K. Moreover, by integration by parts, we have (with appropriate choice of the directions of the n e )
Since v h · n e is affine on each edge of ∂K and vanishes in the midpoint of this edge from the definition of X T h , these integrals are equal to zero. So, (div v h ) |K is zero, which implies the desired orthogonality property.
Remark. As a by-product of the previous proof, we have checked that all functions of X
Let us recall from [6, (25.14) ] two formulas that will be of great use in what follows (they can also be proven by going to a reference element):
We now exhibit "spurious" modes, separately in M
contains the function 1. 
Proof. From the definition of b h (·, ·), it is obvious that the function 1 satisfies (3.11). So, we now consider the function ψ h and, since it vanishes on all the ∂K, K ∈ T h , we have for any
Using (3.10) gives
The previous sum can be rewritten as a sum on all edges in dimension d = 2, faces in dimension d = 3, of the K. Such an edge or face e is either contained in ∂Ω or in the intersection of two elements K: in the first case, v h · n e is affine and vanishes in the midpoint of e, in the second case the jump [v h · n e ] that appears in the integral is affine and vanishes in the midpoint of e. So in all cases, the integral on e is equal to zero, which yields
Fortunately, neither the function 1 nor ψ h belongs to L 2 0 (Ω). So, we decide to work with the subspace M 0 h defined by
The idea is now to prove inf-sup conditions first between the spaces X Remark. From (3.10) and [6, (25.14) ], it can be checked that
(3.14)
This means that the angle between
is larger than a parameter κ independent of h. In contrast, the intersection of X 
The inf-sup condition for the first pair of reduced spaces
We first prove an inf-sup condition between X 
Lemma 4.2. If Hypothesis 4.1 holds, there exists a constant β T 0 independent of h such that the following inf-sup condition holds
Let us recall that, for any function w in P 1 (K),
This gives
Since all v h · n e vanish in m e from the definition of X T h and since the tangential part of grad q h is continuous through each e, the idea is to take
Thanks to Hypothesis 4.1, in the case of dimension d = 2, at least two edges of the same triangle K are not contained in ∂Ω, so that the unit tangential vectors to these edges form a basis of R 2 ; moreover the angle between them belongs to an interval ]η, π − η[, where η only depends on the parameter σ that measures the regularity of the family (T h ) h . Similarly, in dimension d = 3, at least two faces e and e of K are not contained in ∂Ω. The unit vector τ on their common edge and the vectors orthogonal to τ in e and e form a basis of R 3 and the angle between e and e also belongs to an interval ]η, π − η[ which is analogous to the previous one. So, we obtain
or, equivalently,
where the constant c only depends on σ. Next, using the Lagrange function µ e which belongs to P 1 (K) for all K in T h and vanishes in all the midpoints of the edges, respectively the barycenters of the faces, of elements K in T h but in m e where it is equal to 1, we derive by going to a reference element that
where h e stands for the diameter of e. This yields
Due to this inequality, we derive from (4.2) that
By combining this estimate with the standard Bramble-Hilbert inequality [6, Th. 14.1]
we obtain the desired result.
Remark. Let us associate with any vertex a of an element in T h the union Ω a of all elements K in T h that contain a. We recall [11, Chap. I, §A.3] that there exists a finite number of reference subdomains such that each Ω a can be mapped onto one of them by a continuous piecewise affine mapping. So a scaled Bramble-Hilbert inequality on the Ω a can be derived by going to the reference subdomain. Thus, if Hypothesis 4.1 holds, the same arguments as previously lead to an optimal inf-sup condition (i.e. with constant independent of h) between = N −1 ). Let alsoK stand for the reference square with vertices (
) and (0,
). We consider the space X T h defined as previously, except that P 1 (K) is replaced by the space
where Q 1 (K) stands for the space of functions onK which are affine with respect to each variable and F K is one of the mappings in Q 1 (K) 2 that mapsK onto K. We work with the function q h equal to the first coordinate x, which belongs to L 
It can be checked that this solution satisfies w hy = 0 and also that w hx vanishes on the midpoints of all edges of the K which are parallel to the y-axis. So, by applying a scaled Poincaré-Friedrichs inequality on each square K (derived by going to the reference element), we can prove that β Even if the inf-sup condition (4.1) is not optimal, it provides the following result. 
has dimension 1 and is spanned by the function 1.
Remark. Hypothesis 4.1 is not very restrictive, and it is necessary for the assertion of Corollary 4.3 to be true. Indeed, consider the case where the domain Ω is a hexagon and a mesh T h is built by joining one vertex out of two of the hexagon (see the next figure). In this situation, the space M T h has dimension 6, while the space X T h has dimension 3. So, Corollary 4.3 does not hold. This counter-example can be extended to much more general geometries and meshes, built from the previous one by adding iteratively one exterior point and joining this point to the two endpoints of one edge of the boundary. 
Proof. Following the same lines as in the previous proof, we now choose the function v h in X T h which satisfies
where h e stands for the diameter of e. It follows from the regularity of the family of triangulations that, for
So, by the same arguments as previously, we derive
and
This yields the desired result. The inf-sup condition (4.5) does not involve the right-norm on q h , but the mesh-dependent semi-norm
It is readily checked that the quantity
and also, by using the standard inverse inequality, that the following equivalence property holds
where the constant c does not depend on h. Unfortunately, the largest possible constant c h is not independent of h, but satisfies c ( inf
(the first inequality follows from Bramble-Hilbert one, the second one is obtained by taking q h equal to a global affine function). We now prove an optimal inf-sup condition between X h and M T 0 h , which relies on condition (4.5) combined with Verfürth's argument [14] . 
The idea is now to take the function v h equal to Π h v, where the operator Π h is defined by (3.4). Indeed, we write
The first term is evaluated from (4.9) by integration by parts:
Next, we have thanks to the Cauchy-Schwarz inequality
and using (3.6) yields
. It follows from (3.5) and (4.9) that
So, we derive
where the constants c 1 and c 2 are independent of h. Next, Verfürth's trick consists in comparing this estimate with (4.5) and noting that
which gives the desired inf-sup condition.
The inf-sup condition for the second pair of reduced spaces
We are now interested in proving the inf-sup condition between the spaces X N h and M N 0 h . However, we prefer to begin with a slightly different space of pressures, namely
where ψ h is the function introduced in (3.12). Our proof relies on the graph theory. We refer to [3] for the general notion of graphs and trees, and to [13] for its application to finite element meshes. We only give a very restricted definition. A tree T h associated with a triangulation T h is a finite family of segments such that:
• the first segment starts from a point on ∂Ω (the root of the tree), more precisely from the midpoint of an edge or barycenter of a face of an element K in T h which is contained in ∂Ω and goes to the barycenter of this same element K; • at each barycenter of an element K in T h , either the tree stops or at most d lines start from this barycenter and go to the barycenters of adjacent elements K in T h by crossing the midpoint or barycenter of the common edge or face of K and K ; • the graph contains no cycle;
• each element K in T h intersects the graph. This definition is illustrated in the following figure. We refer to [13] for slightly different but equivalent definitions. The existence of such a tree for any triangulation T h is proven in [13] . For completeness, we sketch the proof.
Lemma 5.1. For any triangulation T h of Ω, there exists a tree associated with T h .
Proof. Let T h be any triangulation of Ω, and let N h be the number of elements of T h . We recall [13] that, since Ω is connected, the elements K 1 , . . . , K N h of T h can be numbered so that K 1 ∩ ∂Ω is an edge (d = 2) or a face (d = 3) of K 1 and that, for each n, 1 ≤ n ≤ N h , the interior Ω n of ∪ n m=1 K m is connected. The proof now relies on an induction argument over n. 1) If n is equal to 1, the tree associated with the triangulation {K 1 } is trivial. 2) Assume that there exists a tree associated with the triangulation {K 1 , . . . , K n−1 } of Ω n−1 and consider the element K n . There exists an element K m , 1 ≤ m ≤ n − 1, such that K n and K m share an edge or a face. Then the tree can be extended to {K 1 , . . . , K n } by adding the line which goes from the barycenter of K m to the barycenter of K n . This ends the proof.
We are now in a position to prove an inf-sup condition between X N h and M N * h .
Lemma 5.2. There exists a constant β N * independent of h such that the following inf-sup condition holds
From the definition of M N h , this is equivalent to
hence, by integration by parts, to
Next, applying the Stokes' formula gives (the orientation of the n e is implicit throughout this proof)
meas (e)(v h · n e )(m e ).
Moreover, if α denotes the constant d!
(2d+1)! , we know from (3.10) that
So, we want to choose v h such that
This is achieved in the following way. Let T h be any tree associated with T h (its existence follows from Lemma 5.1). We take the (v h · n e )(m e ) equal to zero for all e that do not intersect T h .
1)
We start with the endpoints of this tree. Each endpoint is the barycenter of an element K and the line crosses ∂K inside one edge or face e. We thus take
2) We go back from this element along the tree. For any element K but the one which contains the root, the part of the tree issued from the root intersects ∂K in one edge or face e and the part of the tree going to the endpoints intersects ∂K in k other edges e i , 1
3) For the element K 1 that contains the initial point, we know from the definition of M
So, since (5.5) now holds on all elements K but K 1 , summing it on all these elements, we obtain
So this function v h satisfies (5.3). Now, we must bound the norm v h H 1 h (Ω)
. We observe that, for each edge or face e of an element of T h ,
Using twice the Cauchy-Schwarz inequality and the fact that ψ K L 2 (K) is equal to a constant times meas(K) 
Combining this with (4.3) yields
Taking r h equal to q h in (5.3) and using this estimate leads to the desired result.
We now prove the inf-sup condition with M 
Lemma 5.3. There exists a constant β N 0 independent of h such that the following inf-sup condition holds
) is zero, multiplying the previous formula by ψ h and integrating on Ω implies that .10) that
which, combined with the Cauchy-Schwarz inequality, yields the stability property
h is equal to a constant times ψ h , we derive from Lemma 3.4 and from Lemma 5.2:
which combined with (5.7) gives the desired inf-sup condition. Exactly as in Section 4, Lemma 5.2 (or Lem. 5.3) has a first and obvious consequence. with a constant independent of h. However, in a final step, we establish an optimal inf-sup condition between X h and M N 0 h . Its proof relies on Fortin's trick [10] , combined with the approximation properties of the operator Π h stated in Lemma 3.2.
Corollary 5.4. The space of functions
q h in M N h such that ∀v h ∈ X N h , b h (v h , q h ) = 0,(5.
Lemma 5.5. There exists a constant β N independent of h such that the following inf-sup condition holds
Proof. Let q h be any function in M N 0 h . It admits the expansion
Since q h belongs to L 2 0 (Ω), it follows from (2.5) that there exists a function v in
The idea is now to take v h = Π h v, for the operator Π h defined by (3.4) . Indeed, with this choice, since q h vanishes on all ∂K, integrating by parts and using once more (3.10) yield
We also have
Thanks to the definition of Π h , see (3.4), this yields
Moreover, from (3.5), we obtain
which gives the desired condition. 
However, it follows from (3.15) that µ h is not bounded independently of h.
The global inf-sup condition and its consequences
Thanks to the previous results, we are now in a position to establish the inf-sup condition between the spaces X h and M 0 h , however with a constant depending on h. Its proof relies in fact on a modal analogue of the Boland and Nicolaides argument [4] . For any q h in M h , we agree to denote by (q
Theorem 6.1. If Hypothesis 4.1 holds, there exists a constantβ independent of h such that the following inf-sup condition holds
and similarly, from (5.9), we know that there exists a function w h in X h such that
The idea is now to take v h = v T h +µ w h for a positive constant µ. Indeed, using (6.2), (6.3) and the orthogonality property (3.9), we have
Using the continuity property (3.1) and once more (6.3), we derive
On the other hand, using (6.2) and (6.3) yields
Combining the previous properties together with the triangular inequality
leads to the desired inf-sup condition.
The constant in the inf-sup condition (6.1) is not independent of h. Even if counter-examples are rather difficult to exhibit, numerical experiments confirm this lack of optimality of the discretization. Moreover,
• as explained in Section 4, improving the inf-sup condition between X 
Corollary 6.2. If Hypothesis 4.1 holds, for any data
f in L 2 (Ω) d , problem (2.6) has a unique solution (u h , p h ) in X h × M 0 h . Moreover,
this solution satisfies
for a constant c independent of h.
As proven in [11, Chap. II, Th. 1.1], the second consequence of this condition is that the following version of Strang's lemma holds in this case: if β h stands for the constantβ (inf K∈T h h K ) of (6.1),
, (6.5) where the constant c is independent of h and the notation [·] for the jump through an edge or a face inside Ω is extended to edges or faces contained in ∂Ω to denote the trace. The first two terms in the right-hand side represent the approximation error, while the last one represents the consistency error. This consistency term can be evaluated in a standard way, by noting that each jump [w h ] is orthogonal to the constants in L 2 (e). We also recall the estimate which still relies on condition (6.1), see [11, Chap. II 
But this last estimate is unsufficient to prove the convergence of the discretization, even for the velocity. So we must evaluate the distance of u to V h "by hand".
Proposition 6.3. There exists a constant c independent of h such that the following estimate holds for all functions
Proof. It is performed in two steps. 1) By integration by parts, it follows from (3.10) that, for all K in T h ,
Then using the definition (3.4) of Π h yields
Moreover, since Π h leaves invariant all functions of X h , combining the approximation properties of the conforming space
2) The idea is now to take
Indeed, thanks to (6.8), (6.10) and the orthogonality property (3.9), the corresponding function v h belongs to V h . Also, from the inf-sup condition (4.1), system (6.10) has a unique solution v
So, due to the identity
applying (3.6) and a Cauchy-Schwarz inequality yields, for the norm
So it follows from the inf-sup condition (4.5) (see [11, Chap. I, Lem. 4.1] ) that the solution v T h of (6.10) satisfies
The desired estimate follows by inserting (6.9) and (6.11) in the triangular inequality
Combining Proposition 6.3 with (6.5) leads to the first estimate on the velocity. 
Proof. Estimating the first term in the right-hand side of (6.5) is performed in Proposition 6.3 and estimating the second term follows from the standard approximation properties of the space M T 0 h . As already hinted, the last term is evaluated thanks to the next inequality that holds for any constant c e e
So taking c e equal to the mean value of ∂ ne u on e and going to a reference element as in the proof of Lemma 3.1 lead to, for any w h in X h ,
This concludes the proof. We conclude by an error estimate for the velocity in L 2 (Ω) d which relies on rather standard arguments. 
(6.14)
If the domain Ω is convex, α is equal to 1.
Proof. We start from the formula
and with any g in L 2 (Ω) d , we associate the solution (w, r) of the Stokes problem
We recall that there exists an α, 1 2 < α ≤ 1 (equal to 1 when Ω is convex) such that this solution belongs to
Next, we obtain, for any w h in V h and r h in M h , 7. An algorithm for solving the discrete problem Problem (2.6) is equivalent to the square linear system
where the vector U is made of the values of u h at the midpoints of all edges or barycenters of all faces e that are not contained in ∂Ω and the vector P is made of the values of p h at all vertices and barycenters of the elements K of T h (the two further orthogonality conditions in M 0 h are usually enforced in a further step). Since the matrix A is symmetric and positive definite, system (7.1) is also symmetric, however its size is very large, equal to dim X h + dim M h .
So the key idea for solving system (7.1) consists in separating the unknowns U and P . For instance, the well-known Uzawa's algorithm [1] consists in eliminating the quantity U from the first line in (7.1), leading to the system of two uncoupled equations
The matrices in the right-hand member of these two equations are still symmetric, so that they can be solved by the conjugate gradient algorithm. However the first equation requires to invert the large matrix A. Moreover this algorithm is more efficient when the discrete space of pressures has a small size, which is not the case for the element considered in this paper. Another idea, developed by Hecht [12] for the Crouzeix-Raviart element, relies on the reduced discrete problem (2.11). Indeed, for the space V h defined in (2.10), we introduce a fixed space W h such that
Note that, since M 0 h contains no spurious modes, 
The matrix A 1 is still symmetric and positive definite, made of the
where p runs through a basis of M h , and becomes square when adding the two lines corresponding to the further orthogonality conditions in the definition of M 0 h . So it remains to construct a basis of V h and W h . Note moreover that the matrix A 2 and B 2 are sparse if those bases are made of functions with a local support. From now on and for simplicity, we assume that the domain Ω is two-dimensional and simply-connected. We refer to [12] for the extension to the case of multiply-connected domains where a finite number (independent of h) of further basis functions appear in V h .
In a first step, we construct a basis of
With each edge e in E h , we associate the Lagrange function µ e , already introduced in the proof of Lemma 4.2, which belongs to P 1 (K) for all K in T h and vanishes in all the midpoints of the edges of elements K in T h but in m e where it is equal to 1. When the edge e is not contained in ∂Ω, the support of µ e is made of two elements K of T h . Thus, since µ e is nonnegative on these elements, we introduce the functionμ e equal to a constant times µ e , such that 
where the τ Ke are the unit vectors orthogonal to n e turning counterclockwise around K.
Proof. Let n hK , n he and n ha denote the number of triangles in T h , the number of edges of these triangles and the number of their vertices, respectively. Similarly, let n b he be the number of these edges which are contained in ∂Ω. It is readily checked that
Moreover, since Ω is simply-connected, Euler-Poincaré's formula reads 8) and it follows from the inf-sup condition (4.1) that
Of course, this is equal to n 0 hK , which proves the first part of the lemma. Next, we observe that the number of functions w K , K ∈ T 0 h , is n 0 hK and that they are linearly independent, so it suffices to check that they belong to V T h . We fix a K in T 0 h and we observe that the support Ω K of w K is made of four triangles. The support of at most six ϕ a intersect the interior of Ω K , and two situations occur: 1) If a is not a vertex of K, there exists a triangle K which has a common edge e with K and contains a. Then, it is readily checked that grad ϕ a is orthogonal to τ Ke , so that b(w K , ϕ a ) is zero. 2) If a is a vertex of K, it is the intersection of two edges e and e , and, if e denotes the third edge of K, grad ϕ a is orthogonal to τ Ke . So, we have to compute
Note that τ Ke · grad ϕ a is constant on each triangle and continuous through e. The same property also holds for e . If Ω e and Ω e stand for the support ofμ e andμ e respectively, this yields b h (w K , ϕ a ) = (τ Ke · grad ϕ a ) |Ωe This last quantity is equal to the integral on ∂K of the tangential derivative of ϕ a , hence to zero. So, we obtain b h (w K , ϕ a ) = 0, which ends the proof.
Identifying the remaining part of V h is more complicated and requires a preliminary lemma. We now define, for all e in E h the functionμ e byμ where the n ae are the unit vectors parallel to n e turning counterclockwise around a.
Proof. With the same notation as in the previous proof, it is readily checked that
Thanks to Euler-Poincaré's formula (7.8) and the inf-sup condition (5.6), the dimension of the space of functions in X N h satisfying (7.10) is equal to n ha − n b he , hence, since there are as many vertices contained in ∂Ω as edges, to n 0 ha . Since the n 0 ha functions z a in (7.11) are linearly independent, it remains to check that they satisfy (7.10) or equivalently that ∀K ∈ T h , b h (z a , ψ K ) = 0. Note that the support of z a is the union Ω a of all triangles K containing a. So, let K be a triangle contained in Ω a . Thanks to (3.10), we obtain by integration by parts
e⊂∂K e z a · n e dτ, where for a while n e is assumed to be exterior to K. If e and e denotes the two edges of K which contain a, this gives b h (z a , ψ K ) = − 1 60 eμ e n ae · n e dτ + e μ e n ae · n e dτ .
From the choice (7.9) ofμ e , it is readily checked that eμ e dτ = e μ e dτ = 1, while one of the n ae · n e and n ae · n e is equal to 1 and the other to −1. So, b h (z a , ψ K ) vanishes, which concludes the proof.
We are now in a position to prove the main result of this section. where the z a are defined in (7.11) , the a e denote the opposite endpoints to a on e and the τ ae are the unit vectors orthogonal to n e pointing towards a.
Proof. Since the dimension of X h is equal to dim X Next, for all edges e containing a, it is readily checked that b h (t a , ϕ a e ) = α e (grad ϕ a e · τ ae ) |e Ωaμ e dx. Using (7.6) and the fact that (grad ϕ a e · τ ae ) |e is equal to −meas (e ) −1 , we obtain b h (t a , ϕ a e ) = −α e .
So the choice (7.12) implies that all the b h (w a , ϕ a e ) are equal to zero, and finally, since grad ϕ a is equal to − a∈e grad ϕ ae on Ω a , that b h (w a , ϕ a ) also vanishes. This concludes the proof.
Note that both functions w K and w a have local supports. More precisely,
• the support of each w K is made of four triangles,
• the support of each w a is made of a finite number of triangles, and the maximal number only depends on the regularity parameter σ. In both cases, the diameter of this support is bounded by a constant times the diameter of any triangle K contained in it. Moreover a basis of W h , made of functions with local supports is easy to construct from the definition of w K and w a .
The arguments for extending the characterization of V h to the case of dimension d = 3 can be found in [12, Chap. 5] . However they lead to very technical proofs for the present element, so that we have rather skip the three-dimensional results.
